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Counting in Temporal Logic

Relative frequencies
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Counting in Temporal Logic

Explicit position counting

G
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p → x. F q ∧ #x(ϕ1) + #x(ϕ2) ≥ 2 ·#x(ψ)
)

. . .
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I Count (specific) positions within a scope

I Arithmetic constraints

I Variants: CLTL, CCTL, CCTL*
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Counting in Temporal Logic

Similar formalisms

I Counting/Presburger LTL [A Bouajjani, R Echahed, P Habermehl ’95]

I Counting LTL/CTL [F Laroussinie, A Meyer, E Petonnet ’10 ’12]

I Regular Availability Expressions [J Hönicke, R Meyer, E-R Olderog ’10]

3/17



Model Checking

I Frequency LTL: undecidable [B Bollig, N D., M Leucker ’12]

I Counting LTL: undecidable [A Bouajjani, R Echahed, P Habermehl ’95]

[F Laroussinie, A Meyer, E Petonnet ’10]

I Counting CTL: undecidable [F Laroussinie, A Meyer, E Petonnet ’12]

I Regular Availability Expressions: non-elementary

with intersection: undecidable [P Abdulla, MF Atig, R Meyer, MS Salehi ’15]
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Flat Systems

(not flat) (not flat) (flat)

(flat) (flat)
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(Existential) Model-checking Flat Systems

Flat Kripke Structures

I LTL: NP-complete

[Kuhtz, Finkbeiner ’11]

Flat Counter Systems

I LTL+Past: NP-complete

I FO, Lµ: PSPACE-complete

I CTL*: SAT(PA)-equivalent

[Demri, Dhar, Sangnier ’13,’14,’15]
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Path Schemas

n0 n1 ω

I Concise representation of specific runs and sets of runs

I Flat systems coverable by finite union

I Small witnesses for LTL formulae [Kuhtz, Finkbeiner ’11]

I Encoding (with counters) in quantifier-free PA [Demri, Dhar, Sangnier ’14]
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Model-checking Frequency LTL

Model-checking problem

Input: Flat Kripke structure K, fLTL formula Φ.

Question: ∃ρ ∈ K : ρ |= Φ

I Symbolic models (augmented path schemas)

I Syntactic criterion (consistency)

I Small model property (exp. bound in |Φ|+ |K|)

⇒ Guess&Check algorithm: decidable in NEXP
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Model-checking Frequency CTL/CTL*

fCTL* (on flat Kripke structures)

I CTL labelling algorithm

I Handle Eϕ and Aϕ ≡ ¬E¬ϕ by

(determin.) fLTL-subprocedure (EXPSPACE)

fCTL (on Kripke structures)

I CTL labelling algorithm

I For EU
n
m and AU

n
m construct 1-Z-counter system

I Decide (repeated) reachability in polynomial time
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Model-checking Counting Temporal Logics

fLTL (FKS): NEXP (NP-hard)

fCTL* (FKS): EXPSPACE (NP-hard)

fCTL (KS): P-complete

CLTL, CCTL, CCTL* (FKS): decidable

(EXP reduction)
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Counting in FO

Härtig’s Equicardinality Quantifier

Ix,y(ϕ(x), ψ(y)) :⇔ Card({v | ϕ(v)}) = Card({v | ψ(v)}) [K Härtig ’62]

Presburger Arithmetic with Härtig Quantifier (PH)

∃n. ∃y.n = 2y ∧ ∃=nx.P(x)

I Count number of solutions
I SAT(PH) is decidable (non-elementary) [H Apelt ’66] [W Pugh ’94]

[N Schweikhardt ’05]
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Model-checking CCTL*

MC(CCTL*,FKS) ≤ SAT(PH)

I Encode runs as fixed-size vectors based on path schemas

I Express CCTL* semantics in PH

SAT(PH) ≤EXP MC(CLTL,FKS)

I Encode variable values in distances between scopes

I Counting positions between scopes, translate arithmetic constraints

12/17



Model-checking CCTL*

MC(CCTL*,FKS) ≤ SAT(PH)

I Encode runs as fixed-size vectors based on path schemas

I Express CCTL* semantics in PH

SAT(PH) ≤EXP MC(CLTL,FKS)

I Encode variable values in distances between scopes

I Counting positions between scopes, translate arithmetic constraints

12/17



Model-checking Counting Temporal Logics

fLTL (FKS): NEXP (NP-hard)

fCTL* (FKS): EXPSPACE (NP-hard)

fCTL (KS): P-complete

CLTL, CCTL, CCTL* (FKS): decidable

(EXP reduction)

13/17



Model-checking Counting Temporal Logics

fLTL (FKS): NEXP (NP-hard)

fCTL* (FKS): EXPSPACE (NP-hard)

fCTL (KS): P-complete

CLTL, CCTL, CCTL* (FKS): SAT(PH)-equivalent (EXP reduction)

13/17



Outlook

Theory

I Generalise

I fLTL procedure to CLTL (with restrictions)
I from flat Kripke structures to flat counter systems
I fCTL procedure to CCTL (with restrictions)

I Precise complexity for fLTL

(NP-c. for fixed nesting depth! NP in general?)

Verification

I Under-approximation technique for non-flat structures

I Identify suitable application domains
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