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Abstract

Linear temporal logic (LTL) has become a well established tool for specifying the dynamic behaviour of
reactive systems with an interleaving semantics, and the automata—theoretic approach has proven to be a
very useful mechanism for performing automatic verification in this setting. Especially alternating auto-
mata turned out to be a powerful tool in constructing efficient yet simple to understand decision procedures
and directly yield further on-the-fly model checking procedures. In this paper, we exhibit a decision pro-
cedure for LTL over Mazurkiewicz traces that generalises the classical automata—theoretic approach to a
LTL interpreted no longer over sequences but certain partial orders. Specifically, we construct a (linear)
alternating Biichi automaton (ABA) accepting the set of linearisations of traces satisfying the formula at
hand. The salient point of our technique is to apply a notion of independence-rewriting to formulas of the
logic. Furthermore, we show that the class of linear and trace-consistent ABA corresponds exactly to LTL
formulas over Mazurkiewicz traces, lifting a similar result from Loding and Thomas formulated in the
framework of LTL over words.
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1. Introduction

Linear time temporal logic (LTL) as proposed by Pnueli [17] has become a well established tool
for specifying the dynamic behaviour of distributed systems. The traditional approach towards
automatic program verification is model checking specifications in LTL. A basic feature of LTL
has been that its formulas are interpreted over sequences. Typically, such a sequence will model a
computation of a system: a sequence of states visited by the system or a sequence of actions
executed by the system during the course of the computation.

The automata—theoretic approach of Vardi and Wolper [22] for satisfiability checking has
proven to be very useful and efficient for performing the automatic program verification. In its
purest form, this amounts to the construction of a Biichi automaton accepting precisely the set of
sequences that satisfies the specification expressed as an assertion of LTL. In the last years, a shift
towards the employment of alternating automata for defining decision procedures took place.
Alternating automata provide simple, efficient, and easy to understand decision procedures. They
have proven to be useful for defining satisfiability algorithms for LTL over words [23], branching
time logics [2,12] over finite transition systems, and the p-calculus over (infinite) prefix-recogni-
sable graphs [11]. The idea is that the states of the automaton are constructed essentially from the
subformula closure of the specification formula, and the automaton operates in a tableau-like
fashion. The satisfiability problem is then solved by checking whether the constructed automaton
accepts any strings.

This approach forms the conceptual basis of many verification algorithms. Several tools (e.g.,
SPIN [8]) being employed in industry are built upon this translation from formulas to automata.
To improve performance, however, a number of substantial optimisations must be incorporated.
One observation is that the state space of the product automaton needs seldomly to be fully
constructed. Often the answer to the verification problem can be established by investigating only
a subset of states, and this subset might be considerably smaller than the entire state space. This is
the main idea underlying the so-called on-the-fly verification techniques. To support on-the-fly
checking, an automaton corresponding to a formula should be defined in a top—down manner.
This means that, given a formula ¢ and one of its subformulas i, a part of the automaton .27,
should be constructible without constructing .«7,,, where .7, denotes the automaton accepting the
models of #. In this way, the automaton for a given formula and an underlying transition system
may only be constructed partly viz if the model-checking or satisfiability question can already be
answered by considering this part.

In many applications, the computations of a distributed system will constitute interleav-
ings of the occurrences of causally independent actions. Consequently, the computations can
be naturally grouped together into equivalence classes where two computations are equated
in case they are two different interleavings of the same partially ordered stretch of behaviour. It
turns out that many of the properties expressed as LTL-formulas happen to have the so called
“all-or-none” property. Either all members of an equivalence class of computations will have
the desired property or none will do (“leads to deadlock™ is one such property). For verify-
ing such properties, one has to check them for just one member of each equivalence class. This
is the insight underlying many of the partial-order based verification methods (e.g., [16,21]).
As may be guessed, the importance of these methods lies in the fact that via these methods
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the computational resources required for the verification task can often be dramatically re-
duced.

Often, the equivalence classes of computations generated by a distributed system consti-
tute objects called Mazurkiewicz traces [4,15]. They can be canonically represented as restricted
labelled partial orders. This opens up an alternative way of exploiting the non-sequential
nature of the computations of a distributed system and the attendant partial-order based
methods. It consists of developing LTLs that can be interpreted directly over Mazurkiewicz
traces. In these logics, every specification is guaranteed to have the “all-or-none” property and
hence can be subjected to the partial-order based reduction methods during the verification
process.

A number of LTLs to be interpreted over Mazurkiewicz traces directly (e.g., [1,19,20]) has been
proposed starting with TrPTL [19]. There are several possible routes towards extending LTLs to
traces. TrPTL is based on locations, where one reasons explicitly about a distribution of com-
puting agents cooperating through some communication structure given as an alphabet distri-
bution. Another option [1] is to view events as the partial-order computation points in time, and
base the specifications upon the relationship between individual events. Together, these paradigms
constitute the local trace logics. In contrast, in the global view of computations, configurations are
seen as instantaneous snapshots of the system at hand. In this sense, a configuration is a global
view capturing a collection of simultaneous local views.

The ““right” temporal logic for traces should be equal in expressive power to first-order logic for
traces (FO). It follows from [5] that such a logic would capture exactly those properties of LTL
that have the ‘“all-or-none” property and hence are amenable to partial-order verification.
However, none of the local logics are known to be expressively equivalent to FO. This led Thia-
garajan and Walukiewicz to define the configuration based LTrL [20], which they indeed prove
equivalent to FO. LTrL was later refined [3] to a straightforward formulation of LTL for traces
essentially extending Kamp’s Theorem [10] to the setting of traces.

While both the event based and location based logics have elegant (exponential-time) decision
procedures smoothly extending the classical automata—theoretic approach to the setting of traces,
no such smooth extension exists for global logics such as LTL. The essence of this anomaly is the
complications that arise as a consequence of the fact that the satisfiability problem for LTL has a
non-elementary lower bound [24]. However, experience [9] has shown that decision procedures
can still be useful in practice despite discouraging lower bounds.

Gastin et al. [6,7] do give a direct decision procedure for LTL based on automata. However, the
construction of the automaton corresponding to a given LTL-specification ¢ proceeds by in-
duction on ¢, thus in a hottom—up manner. Hence it is not an extension of the classical automata—
theoretic approach, and more important, it requires the construction of the full automaton, so
optimisations such as on-the-fly checking cannot be applied. A further drawback is its high
complexity. While an exponential blow-up is unavoidable for nested until-formulas, the procedure
has also an exponential blow-up for every negation. Since nested until-formulas are rare in
specifications but negations are typical for specifying unwanted behaviour, this limits the practical
applicability of this procedure.

In this paper, we propose a decision procedure for LTL for traces directly extending the classical
approach [23]. Our procedure is based upon an extended subformula closure and independence
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rewriting of formulas of LTL. We employ this to construct a tableau-style alternating Biichi
automaton (ABA) accepting the set of linearisations of traces satisfying the specification at hand.
In this sense, our procedure fills the missing gap for global trace logics by extending the classical
approach to this last remaining case. Our procedure corresponds exactly to the version given in
[23] when restricted to an empty independence relation. Furthermore, our automata can be
constructed on-the-fly, which is crucial. Last but not least, for the fragment of LTL without until-
formulas, our procedure is exponential.

In [14], it was shown that word languages definable by LTL-formulas over words correspond to
the languages of /inear ABA. We prove that our construction yields a linear Biichi automaton as
well. Furthermore, we show that our linear Biichi automata accept trace-consistent languages.
Conversely, we show that the class of trace-consistent languages definable by linear ABA coin-
cides with the class of languages that are definable by LTL-formulas over Mazurkiewicz traces for
a given dependency relation. In other words, LTL-definable trace languages correspond to lan-
guages definable by trace-consistent linear ABA.

The results of this paper will also appear in an extended version in [13].

In the next section, we recall Mazurkiewicz traces and some related notions that will play a
crucial role for our present purposes. In Section 3, we introduce the basic object of our study,
LTL, and interpret it directly over the domain of Mazurkiewicz traces. Following this, we give in
Section 4 a brief account of ABA underlying our decision procedure to be presented in Section 5.
There we supply a proof of correctness of our construction before giving a few concluding re-
marks in Section 6.

2. Mazurkiewicz traces

A (Mazurkiewicz) trace alphabet is a pair (2,1), where 2, the alphabet, is a finite set and
I C X x 2 is an irreflexive and symmetric independence relation. Usually, X consists of the actions
performed by a distributed system while 7 captures a static notion of causal independence between
actions. We define D = (X x X) — I to be the dependency relation, which is then reflexive and
symmetric.

For the rest of the section, we fix a trace alphabet (X,7). We will use alb to denote that the
actions a and b are independent, i.e., that (a,b) € I, and use similar notation for (a,b) € D. We
extend the notion to sets of actions X, ¥ C X, and let XIY denote the fact that each pair of actions
a € X and b € Y is independent. Moreover, XDY will denote that X is dependent on Y, i.e., that
there exists a pair of actions @« € X and b € Y with a and b dependent. For convenience, we will
write {a}IY as alY etc.

For the purpose of interpreting LTL over traces, we will adopt the viewpoint that traces are
restricted labelled partial orders of events and hence have an explicit representation of causality
and concurrency.

Let T = (E, <,/) be a X-labelled poset. In other words, (E, <) isa poset and 1: E — X is a
labelling function. 4 can be extended to subsets of E in the straightforward manner. For e € E, we
define |e = {x € E|Jx<e} and Te = {x € Ele<x}. We let < be the covering relation given by x <y
iff x<yandforallze E, x<z<y implies x =z or z = y.
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A (Mazurkiewicz) trace over (X,1) is a X-labelled poset 7 = (E, <, ) satisfying:

e |eis a finite set for each e € E.
e Forevery e, ¢ € E, e<¢ implies A(e)DA(€).
e For every e, ¢ € E, A(e)DA(¢') implies e < e’ or ¢ <e.

We shall let TR(XZ,7) denote the class of traces over (X,7). As usual, a trace language L is a
subset of traces, i.e., L C TR(XZ,I). Throughout the paper we will not distinguish between iso-
morphic elements in TR(Z,7). We will refer to members of E as events.

Let T = (E, <,4) be a trace over (2, ]). The finite prefixes of 7, to be called configurations, will
play a crucial role in what follows. A configuration of T is a finite subset of events ¢ C E with
l¢=cwhere | ¢ =J,.. | e. The set of configurations of 7 will be denoted %7. Trivially, () € €7
for any trace T. 1 can be equipped with a natural transition relation —7C 7 X X X @1 given
by: ¢ 57 ¢ iff there exists an e € E such that A(e) = a, e & ¢ and ¢ = ¢ U {e}. Configurations of %
are the trace-theoretic analogues of finite prefixes of strings. As will become apparent in Section 3,
the formulas of LTL are to be interpreted at configurations of traces.

In its original formulation [15], Mazurkiewicz introduced traces as certain equivalence classes of
strings, and this correspondence turns out to be essential to our developments here. To bring this
out, let 2™ be the set of finite strings over 2 and X“ be the set of (countably) infinite strings
generated by X with o = {0,1,2,...}. We set 2> = X" U X and denote the empty word by &. We
let w, w' range over 2 and u, v with or without primes range over 2*. Finally, we take prf(w) to be
the set of finite prefixes of w and let a/ph(w) denote the set of actions occurring in w.

Next, let 7' = (E, <,4) € TR(Z,I). Then w € 2% is a linearisation of T iff there exists a map p:
prf(w) — €7, such that the following conditions are met:

* p(e) = 0.
e p(v)—7p(va) for each va € prf(w).
e For every e € E, there exists some u € prf(w) such that e € p(u).

The function p will be called a run map of the linearisation w. Note that the run map of a
linearisation is unique. In what follows, we shall take lin(7’) to be the set of linearisations of the
trace 7.

A set p C XY is called a D-clique iff p x p C D. The equivalence relation ~C 2> x X induced by
I is given by: w = w' iff w[p = w/[p for every D-clique p. Here and elsewhere, if X C 2, w[X is the
sequence obtained by erasing from w all occurrences of letters in X — X. We take [w]_ to denote
the ~-equivalence class of w € X,

It is not hard to show that elements of TR(X,/) and ~-equivalence classes are two represen-
tations of the same object: A labelled partial-order 7 € TR(Z, ) is represented by lin(7) and vice
versa (see [4] for a proof of this fact and a more thorough account of traces). We exploit this
duality of representation and let 7, denote the trace corresponding to [w].. Moreover, for each
v € prf(w) we will use ¢, to denote the configuration of %, given by p(v).

To illustrate these concepts, consider the trace alphabet (X,7) with X = {a,b,d} and
I ={(a,b),(b,a)}. An example trace T over (2, ]) is depicted in Fig. 1 with smaller elements (with
respect to <) appearing below larger elements. Furthermore, it can easily be verified that
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Fig. 1. A trace over (2,]).

abdbabd € in(T) so T = Tpapapa> DUt adabbbd ¢ lin(T). The configuration ¢ € €7 consists of the
first two a’s, first d, first two b’s and is also denoted by cupus, Which is identical to cpugu, as
abdab =~ badab.

We transfer considering traces as equivalence classes to the level of languages and call a
word language L C X“ trace-consistent if for all words w, w' € X with w = w/, it holds w € L iff
w e L.

3. LTL for Mazurkiewicz traces

In this section, we bring out the syntax and semantics of the linear time temporal logic LTL,
which will be our basic object of study. It was originally introduced for strings by Pnueli [17]. It
was later equipped with a trace semantics [20] and proved expressively equivalent to first-order
logic for traces by Diekert and Gastin [3], and this is the version we will consider here.

The formulas of LTL are parameterised by a trace alphabet (2, /) and are defined inductively as
follows:

LTL(2,1) == tt|-o|o V y|{(a)p|loZy, ac X.
Formulas of LTL(X, /) are interpreted over configurations of traces over (X, 7). More precisely,

given a trace 7 € TR(X,7), a configuration ¢ € ¥, and a formula ¢ € LTL(X,I), the notion of 7,
¢ E ¢ is defined inductively via:

T,c [ tt.

T,cE-oiff T,cFo.

T.,cEoVYyiff T,cl=@orT,ckEy.

T,c k= (a)g iff there exists a ¢’ € %7 such that ¢ ;¢ and T, ¢ k= o.
T,c | @2y iff there exists a ¢ € ¥y with ¢ C ¢’ such that 7,¢ =y and all ¢ € €7 with
¢ C " C  satisty .

We will freely use the standard abbreviations such as e.g., ff = —tt, @ Ay = (- V ).
Furthermore, we sometimes abbreviate 7,0 |= ¢ by T | ¢. All models of a formula ¢ € LTL(2, 1)
constitute a subset of TR(X,7), thus a language. It is denoted by #(¢) and is called the language
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defined by ¢. Furthermore, every formula defines an w-language viz the set {w € lin(7)|T = ¢},
which is also indicated by Z (o).

A simple example of a formula of LTL is ¢ = (a)(b)y. Note that for the trace of Fig. 1 it holds
that 7 = ¢ if and only if 7,c,, = . Moreover, ¢ is equivalent to ¢’ = (b)(a)y over this particular
trace alphabet because alb, i.e., the models of ¢ and ¢’ and coincide. Such considerations will play
a prominent role when we define the decision procedure in Section 5.

For bringing out the decision procedure itself, it will be convenient to assume that the syntax of
LTL is augmented with an indexed until operator @%*\ where Z C X and @ = {¢}',..., ¢} is a
finite set of indexed formulas with ¥; C X. Formally, it will have the following semantics:

o T, cl= ®U*y iff there exists a ¢ € € with ¢ C ¢ such that T,¢' = and A(¢' — ¢)IZ, and, for
each 1 <i<n and every ¢’ with ¢ C ¢ C ¢ and A(¢" — ¢)IY,, it holds ¢” E ¢;.

Hence, a trace satisfies the formula ®%“y in the configuration c iff there is a future configu-
ration ¢’ satisfying i and all the actions from ¢ to ¢’ are independent from the actions in Z.
Furthermore, the configurations between ¢ and ¢’ which can be reached from ¢ by performing
actions independent of Y; all satisfy ¢,.

Note that %y can be identified with {q)‘z’}%wlp and we will not always make this distinction
explicit. It is not hard to see that &%“y is expressible within FO, so this indexed modality is
derivable within LTL itself.

We remark that, in case of the empty independence relation, LTL(XZ,7) and LTL interpreted
over words (denoted by LTL(X)) coincide in the expected manner. Thus, we identify LTL over
words with LTL(ZY), especially in the proof of Theorem 13, and save the work for introducing
LTL over words formally.

4. Alternating Biichi automata

Alternating automata extend non-deterministic automata by universal choices. The transition
function denotes no longer a set of possible next states but a (positive) Boolean combination. In
this section, we recall the notion of alternating automata along the lines of [23] where ABA are
used for model checking LTL over strings. However, we modified the definition of a run to reflect
the ideas presented in [14].

For a finite set X of variables, let " (X) be the set of positive Boolean formulas over X, i.e., the
smallest set such that

e X CH#(X)
o tt, ff € #7(X)
e .Y ERB X)=oANYeB(X), oV € BT(X).

In the following, we assume for every positive Boolean formula that it is in disjunctive normal
form and that it is reduced with respect to idempotence and commutation. Hence, for a set X with
|X| elements, the size of #*(X) is bounded by 2**'. This can easily be seen by considering the
formulas as sets of sets.
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We say that a set Y C X satisfies (or is a model of) a formula ¢ € 47 (X) iff ¢ evaluates to tt
when the variables in Y are assigned to tt and the members of X \ Y are assigned to ff. A model is
called minimal if none of its proper subsets is a model. For example, {q1, g3} as well as {q2, g3} are
minimal models of the formula (g, V ¢2) A g;.

Later in our construction, logical formulas will take over the role of states. Therefore, we
should formally distinguish between disjunctions of formulas and disjunctions of states. However,
to simplify our presentation, we identify these disjunctions when the context makes clear which
one is meant. In particular, given a formula ¢ in disjunctive normal form, ¢ = V A ¢,; where no
¢,; 1s a (top level) disjunction or conjunction, we identify ¢ with the positive Boolean combination
of states ¢,;. To avoid confusion, we sometimes write st(¢) to denote {¢,;| V Ao, }.

An ABA over an alphabet X is a tuple .o/ = (Q, X, d, qo, F') such that Q is a finite non-empty set
of states, qo € Q is an initial state, F C Q is a set of accepting states and 6 : O x ¥ — #*(Q) is a
transition function.

Because of universal quantification, a run over an infinite string is no longer a sequence but a
labelled directed acyclic graph. A node’s label reflects one of the current states of the automaton,
and the edges reflect transitions of the automaton with respect to the input string. Hence, this
graph should have a unique “root” labelled with ¢,. Furthermore, it has to be divisible into
“levels” i € N corresponding to the ith input letter. Every node except the root must have a
“predecessor”. For a node v, the labels of nodes of level i + 1 connected with v should further be a
model for the transition in state /(v) reading the ith letter. More precisely:

A run over an infinite string w = aoa, ... € 2* is a Q-labelled directed acyclic graph (7, E) such
that there exist labellings /: V' — Q and 4 : ¥V — N which satisfy the following properties.

h=1(0) = {v} with I(v) = qo.

E C Uy (01(1) x h1 (i + 1)),

For every v' € V with (V') = 1, {v € V|(v,V) € E} # .

For every v,/ € V, v # v, I(v) = [(¢v') implies h(v) # h(V').

For every v € V, {I(V')|(v,v') € E} is a minimal model of 6(/(v), ay()).

A run (V,E) is accepting if every maximal finite path ends in a node v € V with 6(I(v), ayw)) = tt
and every maximal infinite path, wrt the labelling /, visits at least one final state infinitely often.
The language ¥ (/) of an automaton .7 is determined by all strings for which an accepting run of
o/ exists.

Let us define a subclass of alternating automata corresponding to LTL formulas over words, as
shown in [14]. The transition graph of an ABA o/ = (Q, 2, J, qo, F) is the graph (Q, E) such that
(¢,q') € E iff there is an action a such that for §(¢,a) = V A g, the state ¢’ is one of the ¢;;. > The
automaton is called /inear iff its transition graph has only trivial cycles.

Finally, we call an ABA .o/ trace-consistent if its language ¥ (.</) is trace-consistent. We will
show that linear trace-consistent automata correspond to LTL formulas over Mazurkiewicz traces.

Obviously, every Biichi automaton can be turned into an equivalent (wrt the accepted lan-
guage) ABA. Vice versa, for every ABA, an equivalent Biichi automaton can be constructed with

2 Silently considering tt and ff as states here.
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an exponential blow-up. The construction is described for example in [23]. Hence, it is easy to see
that the emptiness problem for ABAs is exponential in its number of states.

5. A decision procedure for LTL

We have now set the scene to bring out our decision procedure for LTL. Our procedure
generalises the classical approach by constructing an ABA .7, accepting the set of linearisations
of traces satisfying a given formula ¢. The states of this automaton are derived from an extended
subformula closure, which we first define. Following this, we define a notion of independence-
rewriting of such formulas, and this will eventually become the transition relation of .«7,. We pin
down the details of our construction and give a proof of correctness. Then we consider the
complexity of our decision procedure and point out the correspondence between linear trace-
consistent alternating automata and LTL over Mazurkiewicz traces.

5.1. The construction

In essence, we will construct an automaton .27, that accepts a string w € X whenever the
corresponding trace T, satisfies ¢. To appreciate the developments to come, we commence with a
small example. Consider the example formula ¢ = (a)(b)y of Section 3. Suppose that w is of the
form abv for some v € 2. It is then not hard to see that 7,,, ) E ¢ if and only if 7,,,c, | (b)y.

Consider now instead w' = bav. Since the underlying domain is traces, 7,, might still satisfy ¢
even though the first action is a » and not an a, because alb. In fact, T,,, O E ¢ exactly when
Tv,cy E (a)y. In this sense, the proof obligation at the empty configuration, “(a)(b)y”, has been
transformed by b to the proof obligation “(a)y” at c,; the a-action still has to be witnessed, but
the present b has been matched. (Note by the way that either both or none of w and w’ should be
accepted, because w ~ w' and hence 7,, = T,,.)

In effect, our automaton proceeds in this way by ‘“independence-rewriting” the proof obliga-
tions by the actions read. The state space thus consists of all subformulas together with formulas
obtained by transformations as described above. We will call this set the extended closure of ¢.

Definition 1. Let # be a formula of LTL. We take ecl(y) to be the least set that satisfies the fol-
lowing:

n itself is contained in its closure.

For ¢ Vi € ecl(y), it also contains the closure of ¢ and of .

For (a)p € ecl(n), it also contains the closure of ¢ as well as (a)¢’ for every ¢’ € ecl(p).

For ¢ € ecl(n), it also contains —¢ € ecl(n). We identify ——¢ with ¢. Hence, ecl(n) is closed

under negation.

e For ¢ € ecl(n), the closure contains ecl(¢) as well as ecl(y). Furthermore, for all Z C X, all
W' € ecl(y), and all @ C {¢'|¢’ € ecl(@),Y C X} the closure contains @UZY/'.

e The closure is closed under positive Boolean combinations, i.e., " (ecl(n)) C ecl(n).

Intuitively, the extended closure of a formula ¢ contains all formulas which may be obtained by
substituting a subformula \ of ¢ by /' where /' is a positive Boolean combination of formulas
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derived from by applying this rule. This is because our automaton will be defined in the way
that before it is considering a formula ¢ it may consider a subformula  of ¢, transforming this
into a positive Boolean combination of new formulas v'. This result is processed in the way that s
is substituted by /' within ¢.

We assume that all positive Boolean formulas are in disjunctive normal form and moreover
that they are reduced wrt idempotence and commutation. With these assumptions we can prove
the following crucial result.

Proposition 2. ecl(y) is a finite set for each formula n of LTL.

Proof. The proof proceeds by a standard induction. The claim is obvious for atomic formulas. For
n = (a) g, the extended closure of 7 contains the extended closure of ¢ and for every element ¢’ of
ecl(¢) also (a)¢'. Thus, we get |ecl(¢)| - 2 elements. Since the extended closure contains for every
element also a negated one, we get another factor 2. Now, positive Boolean combination yields
a double exponential blow-up. Altogether, we have |ecl(7)| <22“'”"**. Forn = {o!',..., oYUy,
it can be verified that |ecl(y)| is bounded by

" (ecl(gp)-21 %)
(2221'1 (locllen)t2 )_2\2\22‘6‘31(‘#)‘ 2
2? .

The three factors are upper bounds for the derivatives of {---}, %*, and v, resp., and the powers
bound their positive Boolean combination. [

We will refer to formulas of this set as extended formulas. Furthermore, we will say that a
formula is a diamond-formula in case it is of the form (a)¢ for some extended formula ¢ and some
a € 2. In a similar vein, we let the until-formulas consist of those of the form ®%“\ with ® being a
finite set of extended formulas, ¥ a single extended formula and Z C ~.

For extended formulas, we will make use of the important notion of its dual, which is obtained
as usual by applying de Morgan’s laws to push negations inwards as far as possible.

Definition 3. The dual of an (extended) formula is given inductively as follows:

e o 0o o o
<
<
<

°
hSY
B3

N
<
|

S
B

N
=

We are now set to introduce the operator || — || _, which will constitute the transition relation of
the alternating automaton. Essentially, ||¢]|, is to be thought of as the independence-rewriting of
¢ by the action a.

It follows from the intuition conveyed earlier that it should be the case that ||(a)¢]||, is ¢. Then,
for the case where alb, ||(b)¢||, = (b)¢’ where @' = ||¢]|,. Of course, whenever aDb and the actions
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are not identical, then ||(b) ||, must be ff because b cannot be a next action. Definition 4 formally
captures this intuition.

Definition 4. For each extended formula ¢ and each action «, the operator ||¢||, yields a formula
of 47 (ecl(¢)) and is defined inductively via:

||tt]], = tt.

lo v ll, = lloll, Vv,

I=¢ll, = llell,
10} if a=5b
byol,=q ®ell, if alb
ff if aDb,a # b.

Note that since ecl(y) is closed under positive Boolean combination, we have ecl(y) =
B (ecl(n)).

We now only need to specify the case of || @%”y||,. This turns out to be inherently more
complex, and before providing the precise definition, we carefully analyse the semantics of the
indexed until modality in Fig. 2. For this purpose, consider some trace 7 be given and suppose
¢,c’ € €r such that ¢ C ¢’. Furthermore, let ¢” be a configuration between ¢ and ¢’ (Fig. 2(i)).

Suppose, we can augment ¢ by an a-labelled event e to obtain a successor configuration ¢” of ¢,
ie.,c—=c”. Thenc” C ¢’ Ccorc” " butd” Cc ord” ¢ ¢, as shown in Fig. 2(a)—(c) resp. In
case (b), it is obvious that A(¢” — ¢)la and for case (c), we have A(¢’ — ¢)la (as well as A(¢” — ¢)la).

The situation shown in Fig. 2 can, in other words, be described in the following manner: The
action a 18

(a) neither in the future of ¢’ nor of ¢’ (case (a)),
(b) in the future of ¢” (case (b)), or
(¢) in the future of ¢” as well as of ¢’ (case (c)).

Consider a formula ¢, which is to be checked in the configuration c. In case (c), we have to
employ a for verifying  as well as ¢. Note that for case (c), we get two subcases depending upon
whether ¢’ = ¢ or ¢/ D ¢. While / is not relevant to the first case, ¢ is required to hold in the

(1) (a) (b) (c)

Fig. 2. Configuration and actions.
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configurations between ¢ and ¢’. Note that these configurations are reached by actions indepen-
dent of a.

For case (a), we have to employ a for verifying ¢ in configuration ¢ but not for ¢”. In case (b),
we have to prove ¢ considering a in the configuration ¢”, which might be equal to ¢ as well as
different from c. Note that in the latter case, every event of ¢” — ¢ is independent of a.

Consequently, we define the rewriting operator for a formula ®%“y as follows.

Definition 5 (extends Definition 4). Let

vi=lll, 2= {llol}"o” € pu™ Iy,

Moreover, we set ¥ = ¥, V ¥,. Let
12l = {lol*I¢" € 2L |o" € @,arv}

and
@ = Aprealloll, @2 =Pl 2%

and ¢ = @, A ®,. Then we define

w if aDZ
) Z = !
|@U ||, = { vy @ else alZ.

Note that ¥’ captures case (c¢) in which an action a is employed for verifying i/ under the as-
sumption that ¢ = ¢ (¥;) or not (¥,). @ covers the idea that a is not in the future of ¢’ but is
employed for verifying the obligations in @.

It is not hard to verify that || — ||_ is well-defined. However, to show the correctness of our
construction, the following proposition is essential. Suppose that we have given one linearisation
of a trace and one formula and we want to check the formula wrt the trace obtained from the
linearisation. According to the following proposition it is possible to consider the word action by
action and to modify the formula according to the rewriting operator.

Proposition 6. Let n be any formula of LTL(X,1). Then for all w € 2 and for all v € X*, a € Z,
w € X with vaw ~w

Ty, co En if and only if T, cu = [|nl],-

Proof. The proof proceeds by induction on the formula #. We only show the most important cases
as the other cases follow in a similar manner. The cases where n = tt or n = ff are trivial.

Suppose n = @ V. Then T,,, ¢, = ¢ Vi means by definition that 7,,,c, F ¢ or T,,c, E . By
induction, this is equivalent to T, ¢, = |||, or T, cw = ||¥],, which is equivalent to T,,,c,, =
|l V||, by definition of the rewrite operator.

Suppose 1 = —¢. By definition, T,,, ¢, = —¢ iff not T,, ¢, E ¢. Induction yields T,, c..¥ ||¢||,,
which means 7,,, ¢, = —||¢@||,. The dual of a formula is obviously logically equivalent to the ne-
gation of the formula so that the previous statement is equivalent to T,,, ¢, = |||,
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Suppose 1 = (b)¢. By definition, 7,,, ¢, = (b)¢ if and only if there is a configuration ¢’ such that
b , ! . ]
c,—c =cypand T, ¢ | @. We consider three different cases:

e b =a: then ¢ = ¢,. Hence T,,, ¢,y = 0.

e b+ a, bDa: then ¢, ¢ and ¢y~ ¢,o. However, then w is not a linearisation of the trace, which
is a contradiction.

e bla: T,,cy = ¢ is by induction equivalent to T, cu, = ||@||,- Since alb, this means T, ¢, =
llell,, which is equivalent to T, c., = (b)] @],

Putting together all the cases we get that T, ¢, = (b)¢ if and only if T,,,c,, = ||(b)¢]|,
The most involved case is 5= ®%“y. Let ®={o]',...,on}. Recall that T, c,
{ol',..., @YU if and only if

dx € X',y € 2 aw =~ xy,xIZ, such that T,,c, | ,and
Vie{l,...,N},Vx;,x, € X2* with x1x, = x,x11Y;,x, # ¢, it holds
T, Coy E ;.

We consider here only the case where al(Y; U Z). The other cases follow similarly. Let us first
discuss the implication from left to right: we consider the following cases for x:

e x = ¢ then T, ¢,y = Y means T,,, ¢, = ¥, which implies by induction 7,,, ¢, = ||¥||,. This shows
().
® x #¢, a¢ alph(x): We consider the cases for yy and ¢, simultaneously.

= alx =  alx;
T;\/) Cvx ): l// T;m Cvxl ): (pi
I.H. 1.H.
= T, Cua ): Hlﬁ”a = Tw>cvx1a ): H‘/’i”a
= T, Coax ): Hlﬁ”a = TW,mel ): H(/)iHa
= e 2 xI(ZU{a}) = Vxi,x € 2%, xix =x,x[(Y;U{a})

T, Coax HlpHu X2 # & Ty, Coax, = H(PiHa

Hence, T,,, . E {||o]|”""“ ¢ € ®}%?} ||y, which shows (¥,).

e x #¢, ac€ alph(x): We easily see that x ~ ax’ and a, X'IZ and T,,, c,.v = . We will show (@)
and (®,). Let us consider x,. If x; = ¢ then T, ¢, = ¢; implies by induction T,,, c,, = ||¢;|,- If
x; # ¢ and a & alph(x,), we see that alx; and x,7Y;. Hence, x;/(Y; U {a}). Now, T, ¢y, = @,
yields by induction T,,, ¢, = ||@:]l, proving T, ¢, = ||@;ll, since alx;. For the case x; # ¢
but a € alph(x,), we see that x; ~ ax] and T,,, Cuax, E ¢;. Summing up the cases for x|, we get
Ty, = ||®||, %, which shows (®,), and T, c,, | |||, for all ¢ € &, which shows (&,).

Altogether, we showed that ¥’ or @ hold in the until case proving the “if”’-part. Now, let us
consider the implication from right to left: suppose T,,, c,, = ||®%* v, ie.,

TW,CW ): lI/l V 'Pz V d),.
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We discuss the disjunction by drawing the conclusions of each formula

e T, cw = |lYl,: this implies by induction that T,,, ¢, = . Hence, T,,¢, = PU Y.

o T,.c = {llo)/ 0" € &} |||, Then there exist x,y, x/(Z U {a}), w ~ vaxy such that
T, Coax = ||W]],- Since xla also T, ¢y = ||Y]|,, Which yields by induction 7, ¢, = . We further
know that for every proper prefix (modulo =) x; of x with x;/(Y U {a}), we have T, cor, =
lloll,- Then T,,cua E |||, and, by induction, T,,,c,,, = @. Hence, T,,c, = ®U"y.

o Ty co E Npreall@ll, A |||, %% We first obtain by induction that T,,,c, | ¢ for every ¢’ € ®.

Let us consider
Ty coa E ({0} 0" € @} U{o"|9" € ®,alY })U" .

It implies that there is an x’, independent of Z, such that 7,,, c,. = . Since we are in the case of
alZ, we conclude that there is an x, xIZ(x ~ ax’) such that T, c,, | . Now, consider xx, = x,
x, # ¢ For every x; /(Y U{a}), x; a prefix of X', we know T, c,ur, = |||, and, by induction,
T, i, |E @. For x' = ¢, we already know T,,, ¢, = ¢. For x;IY and x,Da, we obtain x; ~ ax}, x|1Y,
since cva is a valid configuration. By T,,, Coar| = ¢ we deduce T, ¢y, = . Altogether, this shows
T,,c, = ®U*Y.

This concludes the proof. [

We can now finally bring the definition of the ABA ./, corresponding to a formula ¢ €
LTL(Z,1) as follows.

Definition 7. Given a formula ¢ € LTL(Z,7), the ABA ./, is the tuple (Q, 2,9, o, F) where

QO = ecl(p) is the set of states.

0(q,a) = ||q||, is the transition function.

go = ¢ 1s the initial state.

F ={-y|~y €ecl(ep)} is the set of accepting states.

Note that we defined the set of final states to be all negated formulas. The intuitive idea is that
failing to prove a proposition infinitely often suffices to assume that its negation is true. In the
work of Vardi [23], one could likewise take all negated formulas as final states. Since in the case of
LTL over words, only until-formulas may occur infinitely often, the set of final states is there
restricted to negated until-formulas.

The correctness of the construction is summarised in the following theorem, which is the main
contribution of the paper.

Theorem 8. Let ¢ be a formula of LTL(X,1) and let its ABA be given as </ , = (0,2, 0,qo,F). Then
we L (A,)if and only if T,,0 = ¢
for every w € 2. In other words, ¥ (o ,) = L ().
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Proof. For w € 2, we have to show that ., has an accepting run on w iff 7, = ¢. Note that every
run has (at most) three types of paths:

e finite paths ending in tt,

e infinite paths on which from some point on every node is labelled by an wuntil- or diamond-
formula, or

¢ infinite paths on which from some point on every node is labelled by a negated until- or dia-
mond- formula.

Let us give a sketch of the proof. For i € ecl(¢) and w = aw’ € X, let §(}, w) be the extension
of & defined by o(y, aw’) = 6(3(, a), w'). By Proposition 6, é(¢, w) = 3(3(¢,a), w') = é([|¢]|,, W)
and 7,,,¢c. E @ iff T, ¢, = ||¢||,- Now, consider an accepting run of .<Z,,. Its finite paths end in tt,
thus all proof obligations are proved. Conversely, a run should be accepted only if the finite paths
end in tt, i.e., that all proof obligations are proved. Now, let us consider the infinite paths of a run.
These can only occur by unwinding a (negated) until-formula infinitely often or by reading actions
independent of the one given within a diamond-formula. This can be accepted iff the underlying
until-formula or diamond-formula is preceded by a negation. This is captured by the acceptance
condition for infinite paths given by the final states of the automaton. [

5.2. State space

To simplify the presentation, we have defined the state space of our automaton in a straight-
forward manner and presented a simple argument to show that it is finite. Thus, we indeed
obtained a decision procedure. Now, let us take a closer look to the states that are really needed
in our construction. In other words, let us consider the states that are reachable from the initial
state.

Given a formula ¢ € LTL(2,]), a state  of «/,, and a set Y C X, let reachy(y) denote
the set of states reachable from  in <7, by words whose actions are independent of Y. More
precisely,

reachy(Y) = {Y/'|3w € Z*, wiY /' € st(6(y,w))},

where ¢ is the extension of § defined in the obvious manner.

Proposition 9. Given ¢ € LTL(X,I), we get upper bounds for the number of states reachable from a
state of o/ , wrt Y inductively as follows:

|reachy(tt)] = 1

|reachy (ff)] =1

|reachy Eﬂ )| = |reachy (V)|
(

[reachy (Y, V )| < |reachy ()| + |reachy ()
Y, A,)| < |reachy (Y,)| + |reachy (Y,)

|

|
|reachy ()| + |reachyuy (W) + 1 if alY
\reachyu{a} ) +1 if aDY

|reachy

|reachy(
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v D (reachy (03)]2%1) Ireachy ()
o |reachy({p)',..., o YU"y)| <22 < QI 2T

Proof. The obvious cases are if the state formula is tt or ff.

Since negation is shifted inwards by the dual operator 7, the states reachable from — are the
same states as reachable from i, except that every state is preceded by —. Thus, the cardinality is
the same.

Given (a)y, assume a to be independent of Y. Reading an action dependent on but different
from a (and independent of Y) yields the state ff and in our formula the 1. Reading « yields the
state ¥, thus, the states reachable from i/ are obviously reachable from (a)y (|reachy(y)|). The
last possibility is reading an action b independent of @ and Y. This yields formulas of the form
{(a)y/ where /' is obtained by rewriting ¥ by actions independent of Y and a. Since (a)y/ dis-
tributes over disjunctions and conjunctions, we get the same number of states as obtained by
considering the states reachable from y by words independent of Y U {a} (|[reachy,i.y(¥)]).

The bound for until-formulas follows by a simple combinatorial argument. Before and after the
2 within an until-formula, only positive Boolean combinations of derivations of respectively @
and Y may occur, and the % is indexed with subsets of ~. [

Let us call the fragment of LTL defined without until-formulas Hennessy—Milner fragment.

Proposition 10. Given a formula y from the Hennessy—Milner fragment of LTL(X,I), we obtain
reachy(Y) < |l//|‘z_yl.

Proof. The proof follows a simple induction of which we pick out two cases:

e Applying Proposition 9, the induction hypothesis, and the binomial formula, *

[reachy (Y, V )| < |reachy ()| + |reachy (y,)| < Wl"z_y‘ + “//2“2_” < (Wil + || + 1)‘2_”-

e Assuming alY,
Ireachy ({a) )| < [reachy ()| + [reachyuia) ()| + 1< )"+ 17" 41
<(Wl+n*=" O

Due to the exponential blow-up the construction of an equivalent Biichi automaton for .7,
causes, we conclude.

Theorem 11. Checking satisfiability of a formula from the Hennessy—Milner fragment of LTL(Z, 1)
can be done in exponential time.

5.3. LTL and linear automata

Now we characterise LTL(X,/) as equivalent to that subclass of ABA that we called trace-
consistent linear ABA, and we start observing the linearity of the above construction.

3 (a + b)" _ E?:O (?)an—ibi.
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Proposition 12. Given ¢ € LTL(2,I), </, is linear.

Proof. We have to show that the transition function only admits trivial cycles. Therefore we define
a well-founded strict ordering relation * < on the states of our automaton and show that ||y/||,
yields a Boolean combination of strictly smaller states or .

For a formula n € LTL(2, 1), <C ecl(y) x ecl(n) is inductively defined by

¢ <{a)p,
(@) < (@ if ¢ <y,
o =<~yif o <y,

f‘ =< w;z if Y, j'l/lz and Y} O Y, and one qf the orQerings is §trict, 1e., fh = W, or YIQYZ,.
VAQ; <V A W, if {q),j} < {y;;} where < is the (strict) (m}lltl-)set ordering induced by <, i.e.,
M; < M, iff there exist a set X and an element m € M, with m’ < m for all m’ € X such that
M, = (M, — {m}) UX. In other words, a set M, is smaller than M, if an element of M, is re-
placed by a set of smaller elements resulting in M.

o Y < dULY if Y <y,

o VAg, < Uy if {p}} < @,

° @1%21% =< cDﬂlZzlpz if <P, and Z; 2 Z, and ; <, and one of the orderings is strict, i.e.,
&) K D, or 2,27, or Y, < y,, where < is the reflexive closure of <,

and contains its transitive closure. Here, < is the reflexive closure of <.

We easily verify that, given formulas ¢, y € ecl(n), an action a € X, and a minimal model ¥ of
Iy, with @ € P, it holds ¢ <y and furthermore that for arbitrary ¢,y € ecl(n), ¢ <™ implies
@ # . We conclude the linearity of our construction. [

Theorem 13. Let o7 = (Q,2,0,q0,F) be a trace-consistent linear ABA. There is a formula ¢ €
LTL(Z,1) such that

T,,0 E ¢ if and only if we L(A)
for every w € 2. In other words, ¥ () = L ().

Before we are going to prove the previous theorem, let us mention two facts:

Proposition 14. Let o/ = (Q, X, 0,qo, F) be a linear ABA. There is a formula ¢ € LTL(X) such that
(o) = 2L ().

Proposition 15. Let L C X and I C X x X be an independence relation. Then the following state-
ments are equivalent.

1. L is trace-consistent wrt I and LTL(X)-definable.
2. {T,|w € L} is FO(X,I)-definable.
3. {T,|w € L} is LTL(Z,I)-definable.

* That is, a transitive and acyclic relation.
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Proposition 14 was independently shown by [18] and [14]. As aforementioned in the intro-
duction, the equivalence of (1) and (2) traces back to [5], that one between (2) and (3) back to [3].
Now, we are ready to prove Theorem 13.

Proof. In accordance with Proposition 14, given a trace-consistent linear ABA .o/, there is a
formula y € LTL(Y) satisfying £ () = £ (/) where () is likewise trace consistent. Em-
ploying the equivalences from Proposition 15, it immediately follows the existence of a formula
@ € LTL(2,I) with T,,,0 E ¢ if and only if we Z(of) for every w € 2°. O

Let us bring out two important consequences of the last theorem:

1. Given an LTL formula ¢ over Mazurkiewicz traces, it is simple to construct a trace-consistent
LTL formula y over words defining the same set of w-words. Just construct .« ,,, and for .7, a
corresponding formula  according to the proof given in [14].

2. Partial-order reduction techniques work for LTL over Mazurkiewicz traces. Given an LTL for-
mula ¢ over Mazurkiewicz traces, consider its automaton .o7,,. It is a linear trace-consistent
automaton over words. For this kind automata, several powerful partial-order reduction tech-
niques have been developed, which will have the same success here [16]. Hence, specifying with
LTL over Mazurkiewicz traces promises—despite the bad worst-case runtime of its decision
procedure—eflicient verification tasks in practice.

Note that the first item even implies that the languages definable by LTL-formulas over
Mazurkiewicz traces are FO-definable over Mazurkiewicz traces. Thus, we obtained one direction
of the expressive completeness proof given in [3].

6. Conclusion

We have exhibited a decision procedure demonstrating that the classical automata—theoretic
approach can be generalised to configuration based temporal logics for traces such as LTL. In
particular, Theorem 8 asserts that it is possible to directly construct an ABA accepting the set of
linearisations of traces satisfying the formula at hand.

The main idea underlying this construction is to use a notion of independence-rewriting to an
extended subformula closure. It easily follows from [24] that this closure must be of non-
elementary size and, moreover, that this is unavoidable for any decision procedure directly gen-
eralising the classical automata—theoretic approach.

Our approach clearly yields an optimal (non-elementary) decision procedure and shares this
similarity with [7]. We are sure that an actual implementation of our approach would compare
favourably due to the fact that the automata need not necessarily be constructed in full and es-
pecially because it avoids an exponential blow-up for negation.

We showed that trace-consistent linear automata correspond to LTL over Mazurkiewicz traces
wrt language definability, transferring a similar result shown in [14] from the setting of words to
the setting of traces. As a consequence, it is quite natural to construct trace-consistent linear
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automata as a tool to answer the satisfiability problem, and our approach exactly follows this
idea.

It is easy to adapt our decision procedure for the unary fragment of LTL, where the until-
modality is replaced by an eventually-modality with the obvious semantics. Unfortunately, it
remains an open question whether the decision procedure obtained in this way is optimal.
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